The elastic moduli of tumors change during their pathological evolution. Elastographic imaging has potential for detecting and characterizing cancers by mapping the stiffness distribution in tissues. In this paper a micromechanics-based analytical method was developed to detect the location, size, and elastic modulus of a tumor mass embedded in a symmetric two-dimensional breast tissue. A closed-form solution for the strain elastograms ͑forward problem͒ was derived. A computational algorithm for the inverse problem was developed for the detection, localization, and characterization of a heterogeneous mass embedded in a breast tissue. Numerical examples were presented to evaluate the proposed method's performance. The detectability of a tumor mass was estimated with respect to lesion location, size, and modulus contrast ratio. It was shown that the micromechanics theory provides a powerful tool for the diagnosis of breast cancer.
I. INTRODUCTION
The mechanical properties of soft tissues are important indicators for biomedical research and diagnosis since they are generally correlated with the tissue pathological changes. [1] [2] [3] For example, many kinds of carcinomas of the breast have been found to be harder than its surrounding normal tissues. 4, 5 Although different in terms of elastic stiffness, some tumors are not readily detectable by conventional imaging modalities such as mammography, ultrasonography ͑US͒, computed tomography ͑CT͒ and magnetic resonance imaging ͑MRI͒, especially in the presence of complex background alterations such as scar, fibrocystic change, or other benign phenomena. Palpation is frequently used to find firm lesions. However, deep lesions in large breasts may not be palpable until they grow large and become incurable. 6 Recognizing that the elastic modulus ͑stiffness͒ change of tissues could indicate the tissue pathological evolution, elastography was developed to detect and characterize tumors. Using materials properties in conjunction with conventional imaging modalities has the potential to provide a ''signature'' for cancer that is superior to one modality used alone. For example, Ophir et al. [7] [8] [9] proposed an ultrasound-based elastographic modality for quantitative imaging of strain and elastic modulus distributions in biological tissues. This technique involves the application of a quasistatic compression to tissues. The modulus elastogram can be reconstructed through the calculation of internal stresses and the local displacements from precompressive and postcompressive radiofrequency ultrasound signals. Ehman and co-workers 10, 11 reconstructed the shear modulus distribution by using the MRI technique to measure the acoustic strain wave propagation in tissues subject to harmonic mechanical excitation. Plewes et al. 12, 13 provided a finite element iteration method to calculate the modulus distribution of the breast containing suspicious tumors, based on the MRI imaging under compression. Both ultrasound-and MR-based elastographic modalities have been shown to be a feasible way to provide information in the detection and characterization of cancerous tumors in soft tissues. Most of them, however, are computationally intensive since the finite element analysis is applied to perform the reconstruction of elastic moduli. While some closed-form analytical formulations have been proposed in either two dimensions ͑2D͒ 14 or three dimensions ͑3D͒ 15 to investigate the elastography of biological tissues, these models assume that a single lesion is embedded in an infinite tissue domain so that the geometric boundaries are not taken into account. This paper presents a micromechanics-based analytical method to detect the location, size, and elastic modulus of the tumor embedded in the 2D finite tissue with simplified geometric structures. Micromechanics theory, as an integrated part of continuum mechanics, deals with the calculation of local stress and strain fields of materials with inclusions and/or inhomogeneities. 16 Biologic tissues with cancerous tumors can be considered as heterogeneously elastic materials containing harder/softer masses embedded in the matrices. In this paper, the Eshelby's equivalent inclusion method 17, 18 is applied to analytically derive the strain and stress fields of 2D breast containing lesions ͑a forward problem͒. Furthermore, this paper develops a way to estimate the location, size and stiffness of internal inhomogeneous tumors from the external boundary strains of the breast ͑an inverse problem͒. It should be noted that, as a first approximation, both the soft tissue matrix and the suspicious lesion are assumed as isotropic with different elastic moduli. Their stress-strain constitutive relationship is linearly elastic. Furthermore, the Poisson's ratios of both materials are taken as 0.5 so that biological tissues are elastically incompressible.
The paper is organized as follows. In Sec. II, analytical formulations are derived for both the forward problem ͑strain elastogram͒ and inverse problem ͑tumor detection͒ of breasts with tumors. Corresponding simulation results are presented in Sec. III. Discussion and conclusions of the proposed model are finally reached in Sec. IV.
II. METHODS
Let us consider the breast as a 2D slice with unit thickness, as shown in Fig. 1 . For ease of treatment, the breast slice is simplified as a semi-circle with radius R. The boundary condition at y axis (xϭ0) is assumed that all displacement components are fixed in the x direction while no displacements are confined in the y direction. A circular tumor ⍀ ͑with Young's modulus E (1) ) is embedded in the tissue matrix domain ͑with Young's modulus E (0) ). Both the matrix and the tumor are assumed incompressible such that their Possion's ratios are 0.5. To obtain the local elastic responses, a compressive concentrated force P is applied at the central boundary point (xϭR,yϭ0). For the 2D plane-strain problem, all out-of-plane-strain components vanish ͑i.e., 13 ϭ 23 ϭ 33 ϭ0).
A. Forward problem
A breast tumor defined by its position, size, and elastic properties can be used to determine the local strain and stress fields of the whole domain ͑e.g., the entire breast͒ using micromechanics theory. The breast tumor is modeled as an inclusion in the tissue matrix with specific boundary conditions. The solutions of this inclusion problem can be achieved by two parts. First, consider a homogeneous circular slice with Young's modulus E (0) . Two equal but opposite concentrated forces P act in the direction of diameter AB, as shown in Fig. 2 . The closed-form elastic solution was given in Ref. 19 . Namely, the strain e at position Q is expressed as
where the position parameters 1 , 2 , r 1 , and r 2 are defined in Fig. 2 . Because of the symmetry of the external loading and the material structure, this solution directly provides the elastic estimation for the 2D semicircular breast without tumors.
To investigate the influence of an embedded tumor, the second problem considered here is a circular tumor ⍀ embedded in an infinite tissue matrix D as shown in Fig. 3 . When a far-field external loading 0 is applied, the corresponding strain field can be derived from the Eshelby's equivalent inclusion theory. 17, 18 The total strain ͑x͒ at position x is derived as
where 0 (x) is the homogeneous strain due to the far-field stress 0 applied on the matrix without lesions, while d (x) is the disturbing strain due to the elastic mismatch between the matrix and the lesion. For a specific lesion centered at 
FIG. 2.
A circular slice with the radius R subject to two concentrated loads applied at the two points A and B.
in which the symbols ''•'' and '':'' indicate the tensor contraction between two fourth-rank tensors and between fourthrank and second-rank tensors, respectively. The fourth-rank tensor A represents the elastic mismatch between the matrix stiffness tensor C (0) and the lesion stiffness tensor C (1) as
where for the isotropic case, the elastic stiffness tensor C () (ϭ0,1) can be simplified as
͑5͒
It is noted that the symbol denotes the tensor product, and () and () are the elastic Lame constants of the phase.
Moreover, 1 and I signify the second-rank and fourth-rank identity tensors, respectively. For the 2D plane-strain problem, the exterior-point Eshelby's tensor Ḡ (xϪx 1 ) holds the following explicit form:
with
where ␦ ␣␤ is the Kronecker delta ͑second-rank identity tensor͒. It is noted that the dimensionless parameter ϭa/͉x Ϫx 1 ͉ with a being the radius of the circular lesion, v 0 is the Poisson's ratio of the matrix, and the directional vector n ϭ(n 1 ,n 2 ) with the definition of nϭ(xϪx 1 )/͉xϪx 1 ͉. The symbol ͉•͉ represents the magnitude of a vector. The corresponding 2D interior-point Eshelby's tensor S reads
͑8͒
For the incompressible tissue matrix (v 0 ϭ0.5), the disturbing strain d (x) in Eq. ͑3͒ can be further simplified as
where the four-rank coefficient tensors B and Q read
and
with the modulus contrast ratio KϭE (1) /E (0) . Based on the formulas for the above two problems, the original 2D semicircular breast ͑Fig. 1͒ can be solved. The strain field of Eq. ͑1͒ is the homogeneous solution without lesions. Particularly, the local strain at position x 1 is denoted as e (x 1 ). If a heterogeneous tumor is added in the tissue centered at x 1 , the disturbing strain field d (x) can be estimated from the infinite domain solution of Eq. ͑9͒ as
Accordingly, the total strain distribution in the breast should be summed as
e ͑ x 1 ͒, x⍀. ͑13͒
The simulation results of strain elastograms xx and xy are shown in Figs. 4 and 5. The lesion mass is located at (x ϭ0.75R cos 20°, yϭ0.75R sin 20°) with lesion radius a ϭ0.1R. The modulus contrast ratio is taken as Kϭ5. It is noted that all strains have been normalized by P/(E (0) R). Figure 4 illustrates the comparison of normal strain xx distribution ͑elastogram͒ between the cases of breast without heterogeneous lesions and that with a mass. It is shown that the elastogram becomes no longer symmetric with respect to the x axis when the tumor is embedded. In addition, there are two strain-concentration areas: one is located at the boundary between the tumor and the tissue matrix due to their elastic mismatch and the other is at the applied loading area because of load concentration. It is also noted that the strain field inside the tumor is not uniform, as opposed to the Eshelby's solution for a lesion embedded in an infinite domain. 14, 15, 17 This is due to the fact that, in the present study, the geometric shape of the breast is taken into consideration ͑boundary effect͒. cept that Fig. 5͑a͒ shows the antisymmetric elastogram distribution, since the shear deformation itself is antisymmetric.
To validate the proposed forward model, a 2D finite element analysis ͑FEA͒ is also conducted. The same parameters (xϭ0.75R cos 20°, yϭ0.75R sin 20°, aϭ0.1R, and Kϭ5) are adopted. The comparisons of the normal strain xx distributions and the shear strain xy distributions from the FEA model and the forward model are shown in Figs. 6 and 7, respectively. In these figures, two paths are adopted as to the horizontal direction (x axis͒ while keeping y ϭ0.75R sin 20°as a constant and to the vertical direction (y axis͒ while keeping xϭ0.75R cos 20°as a constant. It is observed that the analytical prediction from the forward model is consistent with the FEA simulation, except in the interfacial region between the lesion mass and the tissue matrix. All of the external boundary strains predicated from the forward model are close to the results from FEA. These comparisons show that the proposed closed-form model is able to provide a reasonable first-order estimation of the strain field of the breast with the embedded lesion.
The distribution of the internal strains xx and xy in the homogeneous breast tissue is also included in Figs. 6 and 7. It is shown that the existence of the tumor has a significant effect of increasing the strain magnitudes of xx while decreasing that of xy in the tumor area. Moreover, large strain discontinuity occurs at the interfacial area between the tumor and the breast tissue matrix. The existence of the tumor also causes the shift of the boundary strains from zero to finite values ͑the most right ends of the curves in Figs. 6 and 7͒. These observations result from the fact that the elastic modu- lus of the tumor is much larger than that of the tissue matrix (Kϭ5).
B. Inverse problem
The solution of the forward problem provides the strain elastograms whose distributions ͑x͒ depend on the normalized concentrated compression P/(E (0) R) acting on the breast boundary, and the location x 1 , size a and the modulus contrast ratio K of the embedding tumor.
Accordingly, the inverse problem is to detect whether there is a lesion in the breast, and if so, where it is located and how it is characterized. For the current situation, the tumor detection, localization, and characterization should be specified as how to develop an inversion algorithm to solve for location x 1 , size a and the modulus contrast ratio K of the lesion embedded in the breast. More informative measurements are helpful to solve the inverse problem. Furthermore, due to the existence of inevitable measurement errors ͑noises͒, an overdetermined system with a standard leastsquares technique should be formed.
It is feasible to directly measure the internal structures of tissues. Biomedical imaging modalities such as computed tomography ͑CT͒ can quantitatively determine not only the distortion at the tissue boundary but also the deformation of internal landmarks and texture features. Strain-gauge technique is also able to provide measurement of surface strains. Even just with relatively inexpensive optical surface imaging techniques, 22 the boundary change can be readily depicted. Therefore, it is experimentally straightforward to establish equations at the breast boundary so that the surface strains can be determined. Because of the circular boundary of the breast, the polar coordinate system (r,) is introduced for convenience ͑Fig. It is noted that there are four unknowns ͑two components representing the lesion location, lesion radius, and modulus contrast͒ in the current inverse problem. More than four independent equations should be constructed to establish an overdetermined system. For example, let us select as twice many as independent equations so that the whole breast is divided into nine small areas through eight partition paths ϭϪ70°, ϭϪ50°, ϭϪ30°, ϭϪ10°, ϭ10°, ϭ30°, ϭ50°, and ϭ70°. When the concentrated compressive force is applied at the boundary point B, the surface strains such as are measured at all eight path points. The inverse algorithm is developed by introducing the corresponding eight objective functions as
where ( measured ) L i is the measured strain at the L i th boundary point while ( (x 1 ,K,a) ) L i is the L i th boundary strain defined in Eqs. ͑13͒ and ͑14͒ due to an uncharacterized lesion mass in the breast. By minimizing these eight objective functions using the standard least-squares technique, the lesion can be localized ͑identification of location x 1 ) and characterized ͑identification of the size a and the modulus contrast ratio K). It should be noted that the boundary strains for a breast slice without heterogeneous lesions are all zero as implied from the Eq. ͑1͒. Therefore, if all the measuredboundary strains are identical to zero, it can be concluded that there is no abnormal tissue inside the breast.
The algorithm for solving the inverse problem is summarized as follows:
͑1͒ Apply a compressive concentrated force at the boundary central point B. ͑2͒ Measure the surface strains at all eight boundarypoint L i (iϭ1,2,...,8) that angularly divide the whole domain into nine identical regions. ͑3͒ Compare the measured strain magnitude.
͑3.1͒ If all magnitudes are zero, then no tumors in the breast. End. ͑3.2͒ Otherwise, go to Step 4. ͑4͒ Use the least-squares technique to minimize the eight objective functions ͓Eq. ͑15͔͒ simultaneously. Namely, find the location, size and modulus contrast ratio of the lesion. End.
III. NUMERICAL SIMULATION
An example is provided to demonstrate the capability of the proposed algorithm. An appropriate compressive force is acting on the semicircular breast so that the linearly elastic assumption still holds for the tissue material. No specific magnitude of the force is needed since only the relative modulus contrast ratio is of interest. The surface strains at all eight path points are measured as
Since not all of surface strains vanish, there must be a heterogeneous lesion inside the breast slice. The least-squares technique is used to minimize these eight objective functions ͓Eqs. ͑15͔͒. It is computed that the tumor is located at (x ϭ0.7049, yϭ0.2565) with radius aϭ0.10R and modulus contrast ratio Kϭ4.997, as also seen in Table I .
Concerns can be raised about measurement errors, which are inevitable in clinical applications. To analyze the impact of the measurement errors on the solutions of the proposed inverse problem, a Monte Carlo simulation ͑MCS͒ is conducted. The eight measurements are treated as eight independent random variables satisfying the normal distribution with the mean values i and the standard deviations s i (i ϭ1,2,...,8). During the process of the MCS, the measurements in Eq. ͑16͒ are treated as the corresponding mean values i . With the definition of the coefficients of variation ͑COV͒ which is defined as the ratio of the standard deviation over the mean value (COV s/), the measurement errors are introduced at these eight points as COV i ϭ5% (i ϭ1,2,...,8), respectively. The numerical results of the MCS are listed in Table I , from which it is seen that for COV i ϭ5% input measurement errors, the corresponding COVs of the tumor location and radius obtained by the inverse algorithm is either close or less than 5%. The modulus contrast ratio K yields a relatively large value of COV, which is due to the fact that the surface strain is not sensitive to the modulus contrast ratio K when K becomes large, as indicated in Fig. 8 . It is seen that the boundary strain L 6 decreases rapidly for K ranging from 0 to about 4, and then becomes relatively flat with the further increment of K. This behavior implies that the proposed inverse algorithm may not lead to an accurate estimate of K when the measurement noises are relatively large. The proposed inverse-problem algorithm is a simplified and straightforward procedure for detecting lesions in the breast. It does not need any information from internal struc- ture. However, it should be noted that this analytical model does not always render the solution. The detectability of the lesion embedded in the breast depends on the accuracy of surface strain measurement that is affected by the location, size, and modulus contrast of the embedded tumor. It is expected that, if the tumor is tiny, far away from the breast surface, or similar to the surrounding soft tissue in terms of stiffness, then the tumor is difficult to detect.
An example is shown in Fig. 9 . Given the measurement resolution of surface strain ͉ ͉у0.02, tumor radius a ϭ0.1R, and modulus contrast ratio Kϭ5, the tumor detectable region in the breast is calculated, shown as the dark gray area in Fig. 9 . The undetected region is primarily located in the deep area close to the chest muscle. Parametric studies are conducted to investigate the effects of the tumor modulus contrast ratio and the tumor size on detectable region of the breast. It is shown in Fig. 10 that it is more reliable to detect the tumor if it has a higher stiffness or is larger in size. Because of the existence of the detectable region, other loading conditions should be useful as well.
IV. DISCUSSION AND CONCLUSIONS
While the analytical results in this study provide valuable insights into elastography for mammography, extensions are necessary to overcome the limitations for real applications. Specifically, the proposed model is based on simplified 2D symmetric geometry. Both the normal breast tissue and the lesion are considered as homogeneous isotropic materials. At the interface between the lesion and the tissue matrix, abrupt discontinuity of elastic modulus is assumed without a transition interphase. Furthermore, in the ideal case discussed in the last section, when the tumor is embedded far away from the surface, it is difficult, if not impossible, to detect it from the boundary strain information. Even more challenging is the practical situation, where the tissue and tumor materials themselves are of internally heterogeneous microstructures and their geometric shapes are complicated. To obtain an accurate and robust solution, we may extract information on deformation not only on the boundary but also inside the breast. This can be achieved by a tomographic imaging modality, such as the emerging cone-beam CT mammography. 23, 24 Before and after an appropriate loading, the original and deformed volumetric images can be reconstructed. Using an elastic matching algorithm, the deformation field can be constructed in 3D. This complete geometry of deformation in combination with the precise knowledge on the loading conditions should much improve the illposedness of the elastography problem.
In summary, an elastic formulation is derived for calculating the elastic strain distribution ͑elastogram͒ of the 2D breast, which is the combination of the solution for the homogeneous semicircular slice under the concentrated force and the Eshelby's micromechanical solution for a lesion embedded in an infinite domain. An inverse problem algorithm is developed to detect, localize, and characterize the tumor in the breast, based on the forward modeling and surface deformation measurements. The tumor detectability is quantified given a measurement resolution. Based on our finding, the micromechanics theory has potential to provide a powerful tool for the diagnosis of breast cancer. 
